Chapter 5: Continuous Random Variables

5.1: Continuous Probability Functions
Probability density function (PDF): a probability distribution for a continuous random
variable, sometimes thought of as the curve that
would be attained from smoothing a histogram
obtained through infinite sampling. £
Properties of continuous probability distributions }//
« Notated as f(x), but f(x) # P(X =x) W,
. Rather, P(X = a) = O foralla
e P{a <X < b) is the area under the curve from
atob
s f(x) =0 foralivalues of x
= f(x) = 0 for all x not in the sample set
« The total area under the curve equals one.

Key idea: area = probability
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Chapter 6: The Normal Distribution

The normal, a continuous distribution, is the most important of all the distributions. its graph
is bell shaped. You see the bell curve in almost all disciplines. Some of these include
psychology, business, economics, the sciences, nursing, and of course, mathematics.

In this chapter, we will study the normal distribution, the standard normal distribution, and
applications associated with them.

The normal distribution has two parameters (two numerical descriptive measures):
the mean (x) and the standard deviation (). If X is a quantity to be measured that has a
normal distribution with mean (1) and standard deviation (o), we designate this by writing

Nomal: X~N (i, 0) / \
_— \%_

Properties of ANY Normal Distribution:

—

e The graph for a Normal Distribution is symmetric and bell-shaped.

e The normal curve is symmetric about the mean, y, such that half of the data is to the
left and half falls to the right of the mean, p.

¢ The mean, median, and made are all centered in the middle of a Normal Distribution.

e The total area under the curve is 1.
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A change in the standard deviation, o, causes a change in the shape of the curve; the curve

becomes fatter or skinnier depending on o.
4
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Mean: O 0.8 |
Standard Deviation: 1

Mean: -2
Standard Deviation: 2
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6.1: The Standard Normal Distribution

The Standard Normal Distribution is a normal distribution of standardized values
called z-scores.

A z-score is measured in units of the standard deviation. The z-score tells you how many
standard deviations the value x is above (to the right of) or below (to the left of) the mean u.

For example, if the mean of a normal distribution is 100 and the standard deviation is 50,
the value 200 is two standard deviations above (or to the right of) the mean.

100 200 X (n=100.0=50)

The mean, y, for the standard normal distribution is 0, and the standard deviation, o, is 1.

100 200 X (u=100,6=50)

The transformation formula:

Normal o Standardized Normal
Distribution ) Distribution

c=1

m X p=0 z
One table!

The transformation z = % produces the distribution Z ~ N(0,1). The value x in the given
eguation comes from a normal distribution with mean ¢ and standard deviation o.
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Suppose X~N(5,2). This says that X is a normally distributed variable with mean u = 5 and

standard deviation ¢ = 2. Suppose x = 9. Then,
x—u 9-5

zZ = =-=——=72
o 2
This means that x = 9 is two standard deviations (20) above or to the right of the mean u = 5.
Now suppose x = 1. Let’s find the z-score associated with it. z;%g = :'?: - -7

Fill in the blank.
In a normal distribution, x = 5 and z = -1.25. This tells you that x = 5 is 1,25  standard

deviations to the _1ef¥  (right or left) of the mean.

In a normal distribution, x = 3 and z = 0.67. This tells you that x = 3is 0. UF standard
deviations to the g}%\(_\‘\' (right or left) of the mean.

Properties of the Standard Normal Distribution (the z-distribution):

s The graph for the Standard Normal Distribution is
symmetric and bell-shaped. Mtk
(2 The mean for the Standard Normal Distribution is 0 :
with a standard deviation of 1.
e The normal curve is symmetric about the mean, y, e
such that half of the data is to the left and half falls to ;
the right of the mean, p.
e The mean, median, and mode are all centered in the
middle of the Standard Normal Distribution.
e The total area under the curve is 1.

Example 1. Properties Review

A. The mean of a normal distribution is

a) 0 b) 0.3 cY d) o
B. The mean of a standard normal is
0 b) 0.3 c)u d)o
C. The standard deviation of standard normal distributionis {7~ Z |
a) o? 1 o) u d) o z_
o=\
D. The mode of a normal distribution is
a) 0 b) 0.5 ey d) o

E. The area to the right of u in a standard normal distribution is
a) 0 B os ) u d) o

True 0@ Another name for the normal distribution is the z-distribution.
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6.2: Using the Normal Distribution

Normal Curve - many continuous random variables have relative frequency histograms with
a shape like the figure below. They are said to have the shape of a normal curve.

A continuous random variable is normally distributed, or has a normal probability
distribution, if the relative frequency histogram of the random variable has the shape of a
normal curve.

For symmetric distributions with a single peak,
/ such as the nomal disiribution,
/ the mean = median = mode. Because of this,
" " the mean is the high point of the graph of the
distribution.

Finding Probabilities Under the Standard Normal Curve When Given z-Scores:

Notation for the Probability of a Standard Nommal Random Variable
P(Z < z) or P(Z < z) represents the probability (area) to the left of z ‘ N

¥ 3

P{Z > z) or P(Z = z) represents the probability (area) to the right of z ‘

z

P(z; < Z < z,) or P(z; < Z < z;) represents the probability (area)
between z; and z,

z 0 Z,

**The z-table (standard normatl table) will afways give the area to the ieft of a z-score.

The Z - table (the standard normal table) is a chart used to find the probability (area)
under a normal distribution for a continuous random variable.

The area associated with a given z-score refers o the cumulative probability for z.

Cumulative probability is the area to the left
of a given z-score. P(Z < z)

z-scores: leftmost column and top row of the z-table.
Areas: the region under the curve; refers to the values in the body of the z-table.
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Example 2: Find the following probabilities. Draw and shade the area needed.
A. Area (probability) to the left of the z-score. P(Z <-0.39) ‘
[\

nENGRUNAE o

s A A AEAN Z

B. Area (probability) to the right of the z-score. P(Z > 2.45)
= 1 -PlT & LU
= 1-0.9429

= O,DO:H WAAAA 2

C. Area (probability) between two z-scores. P(—0.25 < Z < 0.25)
= P(2< 0.18) - P(2¢-0.25)
= 0.99%F - 0.HO0S

= 019y

Working backwards from the z-table. Draw and shade the area given.
Example 3: Find the z-score that goes with a particular area.

A. If P(Z < z;) = 0.60, find z; .
00K up 0.LOLO W
midA\t 0 ZHnlole

2 = O\/Lg

B. If P(Z> z,) = 0.28, find z;
0ok wp 03200
Wt oF Az

2: 05Y%
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Example 4. Assume that the heights of college women have a normal distribution with mean
nches and standard deviationinches.

A. What is the probability that a randomly selected college woman is 62 inches or

shorter? _
2z XM we-LS |\
< P ——— . J
PHYE D) Il \
SP(Ee 1)
= 0.\3%3S

B. Find the probability a randomly selected college woman is taller than 70 inches.

PIX? TV (5 2 I a Ol VA TR0
: P(%>l»‘6§5 o 7%
e =Pl €3
- |l-04a9L7Fy
= 0.0371

C. Find the probability that a randomly selected college woman will be between 60 and
68 inches.

PO < ¥ < L% 2oXp o LO-LS o &S
- 23
SP(-1%S <2<
= P(2 €1 - P2 ) SS) 22 A . Lg-US - o)
= 0.5kuWS -0.0322 -
2 0.%3U3

D. Find the probability that a randomly selected college woman will have a height of 64
inches.

Pz LW = &

Reminder: For a continuous random variable P(X = a) = 0 for all a.
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Percentiles

« Percentile is the percentage of observations that fall below a given data point.

« Graphically, percentile is the area below the probability distribution curve to the left of
that observation.

Understanding Score Percentiles =

=
A score percentile represents the percentage of scores 7 \ 90th percentile
that are equal or below a certain score withm a given sample. HTTP |

requests
Exampls: The 75th percentile SAT score for incoming freshmen is 1400.

90%
10%

- - -
= n a Q F \.‘_
RIE P
0s 158 3,0s 15s
- » ey aa ——— HTTP response time (seconds)
TSth parcestile

T% of stdents

Scored 3400 or belaw 2% of shusdents)
Scoved above 4GT

Thought

Finding Percentiles

Step 1 Draw a normal curve and shade the area corresponding to the proportion,
probability, or percentile given.

Step 2 Use the z-table to find the z-score that corresponds to the shaded area.

Step 3 Obtain the normal value from the formula x = p + zo.

Example 5. Suppose that the blood pressure of men a{qgfi 29 years old have a normal

distribution with meaniu = 120 and standard deviation|o = 10.
What value of blood pressure is the 75th percentile (P;5) for this population?
100¥ wp UFSO0 W 0XS J _
s of ol / )
= -O &
= 0.uF
CoaweNy o X

Lz 120 & 0.eNGo) =\t F
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Example 6. The heights of a pediatrician’s 200 three-year-old females are approximately
normally distributed with nches andistandard deviation 3.1‘1 inches. Find the

height of a 3-year-old female at the[20th percentile](on). That is, find the height of a 3-year-
old female that separates the bottom 20% from the top 80%.

oo\ & WP 0.2000 wn

e of AnhY
2> —0.8U

vy A

= p¥ TO
_2g a2 ¥ (FONBIT) = 3L.Ole v

Example 7: Suppose a random variable X'is approximately normally distributed with y = 11
and o = 2. Find the following probabilities:

() PX<8) R AN e B A 1o
P2 <-1.50) o z
=0.0LuUY
(b) P(10 < X < 12) T=XM _ WAl - 050
P-0.S0 < %2 ¢ 0.50) - -
P2 <0:§03'P(?<’050\ Z=X-M _j2-0 _ SV
=0.14lS - 0.30%> o z
= 0.3830
(© PX>7.62) N G A 11 L ) B W VL
=Pz ¥ -1.LA) o -
(- Pl2 ¢ -Lua)
z | - 0-0UsS
- 0.95US
| L MY B0
(d) Find x such that P(X < C)_;%S—l Al L= 1\ ¥ -Lak) (D)
01> ’ = 3.0%
&
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Example 8: General Electric manufactures a decorative Crystal Clear 60-watt light bulb that

it advertises will last 1,500 hours. Suppose that the lifetimes of the light bulbs are -
approximately normally distributed, with djm_ean of 1,550 hours and a|standard deviation of

o7 bours. M= ISSO C=S7
(a) What probability of the light bulbs will last less than the advertised time?
PK < 1S00D 2z XA _ 1S00-ISSD L (6%
=P (2 ¢ ~0.5%) o s3
= 0.\¥49Y
(b) What probability of the light bulbs will last more than 1,650 hours?
PIX 21 USD) 24 LSO-1SS0 o 13T
=L 7 ) A T =7
=\ ..."PL%(._\.?S\
=\ -0. 2594
‘ = 0,040

(c) What is the probability that a randomly selected GE Crystal Clear 60-watt light bulb will
last between 1,625 and 1,725 hours?

P (1LlS <X € \¥2%) T= XM _wues -ISSP 32
-P(1.22 < < 207) & s

= Pl < 3.00 - Pz < \.3) o
= 0.99%4 - 0.90ul Z= i RS ;\SSD - 20%
<

= 0.042%

(d) What is the probability that a randomly selected GE Crystal Clear 60-watt light bulb
will last exactly 1400 hours?

PXz uo) = B

(e) What is the length of time a light bulb lasts if it corresponds to the first quartile.
(reminder: Q, represents the 25t percentile denoted as P;5)

Xz m ¥ U
5 2 1<SO 4+ (-0 UG
. = S . %)
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